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Artin braid groups

Artin(1925)
The braid group B, n > 2, on n strings can be defined as a group
generated by 01,05, ...,0,_1 with the defining relations
oj0j =0j0;, |f—j’22.
0j0i+10;{ =0i4+10i0j+1, [=1,2,...,n—2,
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PURE BRAID GROUP

There is a homomorphism ¢ : B, — S,, p(oi) = (i,i + 1),
i=1,2,...,n—1. lts kernel Ker(y) is called the pure braid group and

denoted by Pp,.
o3,
-
>’)
102 s T

The group P, is generated by a;;, 1 <7 < j < n. These generators can be
expressed by the generators of B, as follows

2
aji+1 = 0y,
2 -1 -1 -1 . .
3j = 0j-10j-2...0i410; O q--.0; 50,4, i+ 1<j<n.
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PURE BRAID GROUP

The pure braid group P, is defined by the relations (for e = 1)

ay akjay = (ajjak;) akj(ajak)

—& . A€ _ R e R . Y€ H
AmIkjm = (akJamJ) akj(akjamj) , apnm </,

€ —E&1—¢€

—€ ., [a—E€ 4—C€1€4 [+—F .
im kjdjm = [aij 7amj akj[aij 7amj , Ipyn 1 < k < m,

a, cayjas,, = ak, npn k < i< m<jumm< k.
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SINGULAR BRAID GROUP

J. C. Baez(1992), J. S. Birman(1993)
The Baez—Birman monoid or the singular braid monoid SB,, is generated

(as a monoid) by elements o, O'I-_l, 7,1 =1,2,...,n—1 and the defining
relations:
T =77, |i—jl=2
Tioj =0T, |i—j|>2,
Tioi=ojt, [I=1,2,...,n—1,
Oi0i41Ti =Ti410i0j+1, 1=1,2,...,n—2,

Oi+10[Ti+1 = TiOj4+1 0}, i:1,2,...,n—2.
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SINGULAR BRAID GROUP

R. Fenn, E. Keyman, C. Rourke (1997) proved that the singular braid
monoid SB, is embedded into the group SG, which is called the singular
braid group.

SB, = SG,

Geometric interpretation

1| i-1 41 di+1li+2 r|\ 1 i-1 4 i+1li+2 n
L3 Ty

The elementary braids o; and 7;
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SINGULAR PURE BRAID GROUP

Define the map 7 : SG, — S, of SG,, onto the symmetric group S, on n
symbols by actions the on generators

(o)) =n(r)=(,i+1), i=12,...,n—1

The kernel ker(7) of this map is called the singular pure braid group and
denoted by SP,,.

SP, is a normal subgroup of index n! of SG,,.
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REIDEMEISTER-SCHREIER METHOD

The set

n
Ap = {H myj |1 < ji < k},mk/ = Pk—1Pk—2---pi, | < kimye =1
k=2

is a Schreier set of coset representatives of SP, in SG,,.
n:S8G, — N, w € SG,, W € N\,,. The element ww ! belongs to SP,.

Sxa = Aa-(Za)~t, where

A runs over the set A, a runs over the set of generators of SG,,.
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REWRITING PROCESS

Let us associate to the reduced word

€1 .82 5 _
u=aj'ay...ay, e ==x1, a€{o1,02,...,00-1,T1,72,...,Th-1},

the word

(W) =Sg 0 Sk o Skl a
in the generators of SP,, where k; is a representative of the (j — 1)th initial
segment of the word v if ¢; = 1 and k; is a representative of the jth initial
segment of the word v if ; = —1.
The group SP, is defined by relations

ra =7 A, A €A,

where r,, is the defining relation of SG,.
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CASE n=2.

SGy = (01,71 | o111 = T101) 2 Z X L.
The set of coset representatives:
N ={1,01}.
5)\132)\8'(%)_1, AE N, 26{0'1,7'1}.
S16, =01" (61) =0y - 01_1 =1,
Sin=m-(F) =m0t
So1.00 = 0'% -;%_1 = a% 1= 0%,
So1n = 0171 - (m)*l =0171.
SP; is generated by three elements:

-1 2
51,7'1 = 7—10-]_ ) 50'1,0’1 = 01) 50'1,7'1 = 0171-

The element ajp = 02 is a generator of the pure braid group P,.
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CASE n=2.

r= 017101_17'1_1

r = S1.01So1m1 S0 ST 2 = Soym Syt ST

01,011,711 01,011,711

—1
51,71 = 501,715

01,01°"

1
1,01 501,7'1 51 ,01

1
= S01,0151,m1 5,7, =

o1 ral = 516,51,0:51 715 .

501,01501771 = 01,7'1501701'

Put a;p = 501701, bia = 501,71-
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CASE n=2.

LEMMA. 1) 5P2 == <312, b12 | i) b12 == b12 312> =7 x Z;
2) SP; is normal in SG, and the action of SG, on SP; is defined by the
formulas

ajs = a1z, b3 = b1,

71 i
312 = di12, b12 = b12.

3 October 2020 12 /28



CASE n = 3.

SGs is generated by elements
01,02,T1,T2,
and is defined by relations
01T1 = T101, 010201 = 020102, 0272 = T202,
010271 = 720102, 020172 = T10201.

N3 = {1,01,02,0102,0201,010201}.

The group SP3 is generated by elements

Sya=Aa- (E)_l, A€Ns, ae€{o1,00,71,72}.
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CASE n = 3.

Sty =01 (@) T =o1-07t =1,

Sty =02 (02) T =02-05 1 =11,

Sin=m-() ' =m-07l,

5]_’7_2 =T2 - (7—72)_1 =Ty - 0-2_17

Seor =08 f =t 1=0h
Sor,0, = 0102 - (@)’1 =1,
50'1,7'1 = 0171 - (ﬁ)fl = 0171,
Sorms = 0172 (G172) 1 = 0171205 Yoy,
Soz,01 = 02071 * (m)il =1,
502,02 :U%‘%_l :O'g]. 2
Sopm = 0271 - (mfl = 027101_102_1,
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CASE n = 3.

50'2,7'2 = 0272,
1
So109,01 = 0102071 - (010201) " = 1,

_ 2 _—1
50'102,0’2 = 0102071 -,
S _ -1 -1 _-1
o1o0,m — 01027107 0y 01
-1
50'10'2,7'2 - 0—10_27_20—1 bl

2 _—1
50201,01 = 020105
5 _ -1 -1 _-1
201,00 — 02010207 0y 07
-1
50'20'1,7'1 — 0—20_17—10—2 ]

1 -1 1
Soro1,m = 02017207 05 07

2 —1 -1

So10001,00 = 01020105 07
-1 _—-1
5010201,0'2 — 0102010207 0,

-1 _-1 -1 _ -1
So10201,m1 = O10201T105 01 5 Sgi0001,m = 0102017207 05 .
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CASE n = 3.

LEMMA. From relation rn = alrlaflel follows 6 relations, applying
which we can remove generators:

_ -1 _ -1 _ -1
5177'1 - 50'177'150'1,0'17 50'277'1 - 0'20'177'150'20'170'17 50'10'277'1 - 50'10'20'1,7'150'10‘20'1,0‘]_7
and we get 3 relations:
501701501771 = 501,7'1501701’

50'2‘7177'1 50'2‘7170'1 = 50'20'170'1 50'20'1:7'1 )

_1 o
Saz,oz 5010201771 502,0'2 = 5010201771-
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CASE n = 3.

1

LEMMA. From relation r» = alozalaglaf 051 follows 6 relations,

applying which we can remove 4 generators:
S0201,02 =1, 5010201,02 = 901,01» St‘f10201,01 = 502702’ S(710’2,02 = 501,0150201701
and we get 2 relations:
S S st =515 S
01,01°0201,01°01,01 — “02,00°0201,01°02,02

50270250170150201701 = 901,01 50201701 502702'

COROLLARY. The generators
50'1,01 = 4d12, 5020'1,01 = 413, 502,02 = a3
satisfy relations
-1 _ -1 -1 _ —1_-1
41248138y, = dp3 4134823, 412423815, = dp3 dy3 423413423
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CASE n = 3.

LEMMA. From relation r3 = gam0, *75 ' follows 6 relations, applying
which we can remove 3 generators:

-1 -1 -1
5177'2 = 0277'25 50177'2 = 50102,7'25017015 S

02,02 0201,01°01,01°
S = st
0201,T2 010201,72%01,01"
502,02 502772 = 902,12 502,02-

-1 -1 -1
S17170150201,015 : 50102,7'2 ’ 5017015 S = 5010277'2

01,01 0201,017 01,01

50’10201,72501,01 = 501,015010201,7'2'
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CASE n = 3.

LEMMA. From relation ry = 01027'102_101_17'2_1 follows 3 non-trivial
relations, applying which we can remove 3 generators:

— _ -1
5.0'1‘37'20'177—1 - 50'277—27 5.0'1‘37'2,7_2 - 0'170'150'20'1a7—150'1,0'17

_ -1 -1 -1
50'10'20'1172 - 5.0'20'170'1 50'270'250'177'1 50'20170'1 50’1,0’1 50'2,0'250'110'1 :

3 October 2020

19/28



CASE n = 3.

LEMMA.
- _ -1 _—1_-1 S
From relation r5 = 20107 "0, "1; ~ follows relations:
(a13323) S5y, = Sou,m(a313323),

-1 —-1\,-1_-1
50‘20’1,T1a]_3 - 323312(50—20—177—1313 )312 32 9

1 —1
315 Sop,m 312 = 31350,,1,313 5

—1 —1
a1250201,7'1‘:'712 = dy3 5020177'1323'

2 2 _—1 2
a2 = 5(71,01 = 017 a1z = 50'20']_,0'1 — 020102 ) an3 = 50'2,0’2 = 027

—1
bio = 55,7 = 0171, b13 = Sy, = 02017105, b3 = S5, 1, = 0272.
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THE SINGULAR PURE BRAID GROUP

-1 -1 -1 -1
S, =710y = baj;, 515, =720, = bxay;,
52
501701 =01 = 127501,7'1 =017T1 = b127
-1 -1 - -1 52
Sorm = 017205 toTt = ayt bi3ars as, Sop0y = 03 = ans,
1 -1 -1
Soym = 027107 04~ = b13aiz, So,.r, = 0272 = b3,
2 -1 -1 -1 -1 _-1 -1
So100,00 = 010507~ = ay3 A13323, So105,my = O102T10; O 07 = bpzays,
-1 -1 2 1
So109,m = 01027207~ = ay3 b13323, S5y01 .01 = 02070, ~ = a13,
S _ —l_b S _ -1 _—1 —l_b -1
op01,m1 — 02017105~ = D13, 90,01, = 02017207 "0y "01 = D128y, ,
5 _ 2 -1 -1 _ 5 _ -1 -1
c10001,00 — 010207105 "0~ = a23, gi0001,00 — 0102010201 "0 =~ = 312,

-1 -1 -1 -1
So10001,m = O10201T105 01~ = b23, S510001,m = 0102017207 05~ = byo.
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THE SINGULAR PURE BRAID GROUP

THEOREM.
The singular pure braid group SP3 is generated by elements

a2, a3, ax, bia, b1z, bos,
and is defined by relations:
3128133f21 = 35313133237 ‘9112323«-:31}1 = 35313f31323813323,

apbia = brzai
a13biz = bizais,
ax3bo3 = bozans,

bia(a13a23) byy- = ar3ans,

anbizar, = a5y bizans,

a12byzar, = ayy ars bazarzans.
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THE SINGULAR PURE BRAID GROUP

COROLLARY.

-1 -1_-1 -1 -1
a1, 413812 = d13482348134dy3 d13, dyp d234812 = d134234q3,

-1 1.1 —1 ~1
aj, bizaip = aizaxzbizay; aj3, ap, bpzaix = aizbozag; .
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THE SINGULAR PURE BRAID GROUP

PROPOSITION. Generators of SG3 act on the generators of SPs3 by the

rules:
R e o1 __ -1 o1 __ .
— action of 01: dy5 = 412, dy3 = d134d23d;3, a2§ = a13,

b} = b1p, bJ} = aishazary, b3i = bis;
— action of 0: a3 = ay3 a13a23, a3 = a2, aR = a3;
b3 = ayybizars, b3 = b1a, b33 = bos;
- action ofry: ajh = a1z, a5y = b1_21a23b12, ayy = b1_2132731313a23b12,
by = bia, by = by basbio, b3y = biy arabizar, bia,
—action of 7: 371—22 = b531313b23, a% = b;:,)13233123531b23, 872—% = an3,
bg = b2_31 [)13bg37 bql—% = b2_31823b1222_31b23, b;% = b23.
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THE SINGULAR PURE BRAID GROUP

THEOREM. 1) SP3 = Vs X\ Z, where Z = (a1);
2) V3 has a presentation

Vs = (a3, ap3, b13, b3, bra || [a13, bis] = [an3, bas] = [a13a23, bia] = 1)

and is an HNN-extension with base group V3, stable letter by and
associated subgroups A = B = (aj3ap3) and identity isomorphism A — B:

Vs = (Vs, by | rel(V3), bi; (a13a23)b12 = a13a03),

where rel(V3) is the set of relations in V3.
3) V3 = (a3, a23, b13, b3 || [a13, bis] = [az3, bo3] = 1) = 72+ Z2.
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THE SINGULAR PURE BRAID GROUP

QUESTION. Is it true that Z(SG,) is a direct factor in SP,?
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THE SINGULAR PURE BRAID GROUP

THEOREM. The singular pure braid group SPs is generated by elements
0, a3, ax, bz, b1z, bos,

and is defined by relations:

0b1p = b1pd, daiz = a136, darz = ax3d, Odbiz = b13d, dbaz = by3d.

a13bi3 = bisais, axboz = byaxs, bia(a3ax)br, = azazs.
COROLLARY. SPj3 is the direct product

SP3 =7 X \73,

where Z = <(5> is the center of SP; and \73 = <813, ans, bio, b1, b23>.

3 October 2020 27 /28



THANK
YOU




