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Braid group and Artin representation
Braid group B;,, on n > 2 strands is generated by o1,02,...,0,-1 and is defined by
relations
0;0i{+10; = 0i4+10i04+1 for i = 172,. ,TL—Q,
0i0j; = 0;0; for |’L—_]|22
1 i—1 4

(1)
2)
i+l Q42

Figure: Geometric interpretation of o;
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Representation of B,, by automorphisms of free group

The Artin representation

where F,, = (21, 2, .

wa : Bp — Aut(F,),

,Zn) is a free group, is defined by the rule
pa(oi) {
generators are fixed.

-1
XT; —>r TiTi41T;
Ti+1 — Ti,

Here and onward we point out only nontrivial actions on generators assuming that other
Theorem [Artin]: Ker(pa) = 1.




Group of link

Let £ be the set of all links in R3.

A group G(L) of a link L € L is a group 71 (R*\ L).

Theorem [Artin]: If L is isotopic to 3, where 8 € B,, then
G(L) = (z1, 22,

<3 T ” Li = @A(ﬂ)(w’b)? 1= 172)




Virtual braid group

The virtual braid group V' B,, is presented by L. Kauffman (1996).
V. Vershinin constructed the more compact system of defining relations for V B,,.
V B, is generated by the classical braid group B, = (o1,

permutation group S, = {p1,.
following relations:

..,0n—1) and the
..y pn—1). Generators p;,i = 1,...,n — 1, satisfy the

pi=1

for i=1,2,...,n—1, 3)
pipi = pipi for |i—j|>2, 4)
PiPi+1Pi = Pit1PiPit1 for i=1,2...,n—2. (5)

Other defining relations of the group V' B,, are mixed and they are as follows

Tip; = P;iTi for |’L —]| Z 2, (6)
PiPi4+10i = Oi41PiPi+1 for 7 = 1,2,...,71—2. (7)
o [ =




Geometric interpretation

it+1 i+2

Pi

Figure: Geometric interpretation of p;




Problems

@ Construct a faithfull representation

where H is a "good” group.

Y : VB, — Aut(H),
@ Define a group of virtual links.




New representation

We consider the free product Fy, an11 = Fy, * Z>" !, where F, is a free group of the
rank n generated by elements z1, xa, ..., z, and Z2"*1 is a free abelian group of the
rank 2n + 1 freely generated by elements w1, ug, ..., Un, Vo, V1,02,...,Un.

Theorem 1 [V. B. — Yu. Mikhalchishina — M. Neshchadim, 2017].

The following mapping ¢ar : VB, —> Aut(Fy,2n+1) defined by the action on the
generators:

. —vou;
N m e mamm, owi = i,
S@M(Uz) : V0 SOM(O—l) . . .
Tit1 — T, , Ui4+1 — Uq,

Vi /> Vij+1
om(03) ’
Vi1 —> Vi,

-1
. Vi Ui —> Uit1,
em(pi) : { Te T Bty em(pi) : { +

v; ) S W
Tit1 xil+17 Uit1 Ui,

Vi — Vi+1,
M i) -
TSRS Boedion
is provided a representation of V By, into Aut(F,2n+1), which generalizes all known

representations.




Extension of the Artin representation

The constructed representation ¢, is not an extension of the Artin representation.

It is turned out that the representation s is equivalent to the simpler one which is an
extension of the Artin representation.

Let F,n = F xZ", where F, = (y1,y2,...,Yn) is the free group and
Z" = (v1,v2,...,v,) is the free abelian group of the rank n.
Theorem 2 [V. B. — Yu. Mikhalchishina — M. Neshchadim, 2017].
The representation @ar : VB, —> Aut(F,») defined by the action on the generators
=il
~ N ) Y= YY1y o, ~ N. ) Vit Viga,
Gna(03) : { i Gna(03) : { v
vt
Garlpi) : 4 Yi—Yit1, Gar(p:) s 4 Ui Vit
on(pi) { Yit1 »—;y;’i-*-l, P (pi) { Vit1l — V5

is equivalent to the representation ¢as.




Groups of virtual link

Assume that we have a representation ¢ : V B,, — Aut(H) of the virtual braid group
into the automorphism group of some group H = (h1,ha,...,hm || R), where R is the
set of defining relations.

The following group is assigned to the virtual braid g € V B,,:
Gy(B) = (h1,h2,...,hm || Ryhi =¢(B)(hi), i=1,2,...,m).

The group Gy is an invariant of virtual links if the group G, () is isomorphic to Gy (8’)
for each braid 3’ such that the links ﬂ and ,3/ are equivalent.

In the paper: J. S. Carter, D. Silver, S. Williams, Invariants of links in thickened
surfaces, Algebr. Geom. Topol., 14 (2014), no. 3, 1377-1394, suggested other approach
to the definition of virtual link groups, which used interpretation of virtual link as a
classical link in a thin surface.



Group of virtual link corresponding to the representation ¢y,

ij=1,2,.

This approach is used for the previously defined representation . Given g € VB,
the group of the braid 3 is the following group

i = om(B)(x:), wi = pm(B)(ui), vi=om(B)(vs),
k1 =0,1,

the same link L, then G (8) = G (8).

Given B € VB, and 8’ € V B, the two virtual braids such that theirs closures define
o =] = E T 9ace
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GM(ﬁ) = <m1,$2,. <3 Ln,y UL, U2, - - oy Un, VO, VL, - ~7’Un||[ui7uj] = [Ukvvl] = [uivvk] =1,
,n).

Theorem 3 [V. B. — Yu. Mikhalchishina — M. Neshchadim, 2017].




Extensions of Wada representations

Yu. Mikhalchishina (2017) defined the following three representations of the virtual
braid group V B, into Aut(Fn+1), where Frop1 = (y, 21,22, .., Tn).

1. The representation Wi ,, 7 > 0 is defined by the action on the generators

_ —1

Ti —>r .’ll'r.’ll'i_‘_lw» " x; — 1Y
Wi ,r(0:) : . LorreTe e Wi, (pi) : i i+1)
Tit1 — T4, Tip1 —> X5 -

2. The representation W5 is defined by the action on the generators

Tiy1 — T4,

Y
Tig1 —> T; .




Extensions of Wada representations

3. The representation W3 is defined by the action on the generators

2 —1
T — T5Tit1 T xy

Wi(o) { PTG ()] T el
Titl > Ty 1%y Tit1, Tit1 —> T;.

These representations extend Wada representations w1, 7 > 0, wa, ws of By, into
Aut(F,), where F, = (x1,x2,...,%n) is a free group of rank n.

Yu. A. Mikhalchishina for each virtual link defined three types of groups : G1,,(L),

G2(L) and G3(L) that correspond to described representations. He proved that these
groups are invariants of a virtual link L.




Non-triviality of Kishino knot

The Kishino knot is a non-trivial knot that is the connected sum of two trivial knots

Figure: Kishino knot

Yu. Mikhalchishina proved that groups G1,-(K%) and G2(K73) cannot distinguish the
Kishino knot K7 from the trivial one. She formulated the question: whether the group
G3(Ki) is able to distinguish the Kishino knot from the trivial one or not?
or «F = Dac
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Non-triviality of Kishino knot

Note that the group G3(U) of the trivial knot U is isomorphic to Fb.

Theorem 3 [V. B. — Yu. Mikhalchishina — M. Neshchadim, ArXiv, 2018].
The group G = G3(K'i) having generators a, b, ¢, d and the system of
defining relations

— _ _ -1, __ _ —1 _ _ _ _og—1
d lb dC 2d b dC 2d aa 2dd=a 1b dc 2d a,

_ _ —1
¢ toe = b= %4 b,
—d —2d-11—d —2d-1 —d —1 2d4-1
e = pde—2d p=d 247" —d 1 2d7 p2d

is not isomorphic to the free group of rank 2.
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Residually nilpotent groups

A non trivial group G is called residually nilpotent if for any 1 # g € G there is a
nilpotent group N and a homomorphism ¢ : G — N such that p(g) # 1.

Note that if K is a non-trivial classical knot then its group G(K) is not residually
nilpotent since [G(K), G(K)] = [[G(K), G(K)], G(K)].

For a group G define its transfinite lower central series
G=m(G) 27(G) > ... 2 7(G) Z Ywn(G) > ...,

where
7a+1(G) = ([gaag] | ga € 'Ya(G)vg € G>
and if « is a limit ordinal, then

70 (G) = (] ().

B<a

The minimal « such that 74 (G) = 1 is called the class of G.



Residually nilpotent groups

If class of GG is a finite number, then G is nilpotent. If class of G is w, then G is
residually nilpotent.

Example

1) (W. Magnus) If F' is a non-abelian free group, then it is not nilpotent, but is
residually nilpotent.

2) (A. I. Malcev, 1949) For any ordinal o there is a group of class a.




Residually nilpotent groups

T. D. Cochran in 1990 formulated a question on residually nilpotent of link groups.

Theorem 3 [V. B. — R. Mikhailov, 2007].

1) If L is Whaithed link or Borromean rings, then G(L) is residually nilpotent.
2) There exists a 2-component 2-bridge link whose group is not residually nilpotent.
3) Each link in S? is a sublink of some link whose link group is residually nilpotent.

For a definition of Milnor’s invariant of a link L one can use the quotients
G(L)/vm(G(L)) of link group by some term of the lower central series.
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Representations of groups by formal power series

Magnus constructed a representation of the free group F,, = (21, %2,...,Tn) into the
ring of formal power series Z[[X1, X2, ..., Xn]] of noncommutative variables
X1,X2,...,X, defined by the action on generators:

i1+ X;, i=1,2,...,n.
In that case inverse elements of generators go to the following formal power series
gl - X+ XP - X0+, i=1,2,...,n.
The representation defined in that manner is faithful (i. e. its kernel is trivial).
Moreover, it remains being faithful if the ring Z[[X1, X2, ..., X»]] is replaced by the

quotient ring Z[[X1, X2,..., X,]]/(XE, X3,..., X2) by the two-sided ideal generated
by elements XZ, X2,..., X2,



Representations of groups by formal power series

Let

P={z1,...,xn]| 71, .-, "m)
be some finite presentation of the group G and A, = Q[[X1,...,X,]] is an algebra of
formal power series of noncommutative variables X1, ..., X,, over the field of rational
numbers. Define series f;, 7 = 1,...,m, in the algebra A,, by equalities

fi=ril+Xy,.. 1+ X)) =1, j=1,...,m.

Proposition [V. B. — Yu. Mikhalchishina — M. Neshchadim, ArXiv 2018].

The quotient algebra A, /(f1,..., fm) is an invariant of the group G, i. e. it does not
depend on the explicit presentation.




Representations of virtual link groups

Let L be a virtual link and

its group.

G(L)={(z1,...,zn ||| "1y -, Tm )

Corollary [V. B. = Yu. Mikhalchishina — M. Neshchadim, ArXiv 2018].
The quotient algebra A, /(f1,..., fm) is an invariant of L.




Groups of virtual knots with small number of crossings

M. Neshchadim.

In this part | will formulate some results that we have found with Neha Nanda and

K1

Figure: Knot K3




The group G(K1) has the presentation

Groups of virtual knots with small number of crossings: knot K3
Proposition 1.

G(K) = (z, yllz gy, 2" ya ']

prove that K3 is non-trivial:

G (K1) /7sG(Kq1) = 72,

G(K1)/1aG(Kq) = Fa/vaFy,
@ G(K.) is residually nilpotent.

G(K1)/vsG (K1) 2 Fo/vs Fe.
@ G(K1) = F3 X\ Z is an extension of a free group F3 of rank 3 by Z = ().
v
o @ : E T 9ac
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1).
@ Considering the quotient of G(K1) by 5-th term of the lower central series we can




Groups of virtual knots with small number of crossings: knot K,

K2

Figure: Knot K»
The group G(K2) has the presentation

G(Ks) = (, y || [2* = a¥®




Groups of virtual knots with small number of crossings: knot K>
Proposition 2.

prove that K> is non-trivial:

1G(K2) [5G (K3) = Z* X La,

@ Considering the quotient of G(K32) by 5-th term of the lower central series we can
G(K2)/711G(K2) = F2/v4F,

(] ’YWG(KQ) Q Fsl, ’szG(Kz) =1,

Question.

G(K2) /G (K2) 2 Fa/vsFs

@ G(K32) = F5 N\ Z is an extension of a free group F5 of rank 5 by Z = ().
Is it true that v,G(K2) # 1 for all a < w??




Groups of virtual knots with small number of crossings: knot K3

K3

Figure: Knot K3
The group G(K3) has the presentation

-2 -2

G(K3)=(z,yllz=a Y2 a7V za¥ acmyQ)




Groups of virtual knots with small number of crossings: knot K3
Proposition 3.

prove that K5 is non-trivial:

@ Considering the quotient of G(K3) by 5-th term of the lower central series we can
G(K3)/1aG(Ks) = Fa/vaF3,
711G (K3)/v5G(K3) = Z* X Za,

Hs =

® G(Ks3) = H3 NZ, where Z = (y), z} = k41, k € Z,
By

G(K3)/vsG(K3) # Fa/v5F»
.OX Ak B* . Ak+1 B: ) Ak+2
By = (Tk, Tkt1, Th+2, Thts ) = Fu.

* oo
and Ak = <$k7 Tk+1, Tk+2y Th+3, Tk+4, ” [kawarQ] = [:1:]:41—27$I:-ﬁ1-4] >’

©9
Bits
o F = E E DA




Groups of virtual knots with small number of crossings: knot K4

K4

Figure: Knot K4
The group G(K4) has the presentation
G(K4) = <$1, €2, Y || 1"1"1"2_1 = [x2_y7 ,l’l], $2_1$1
This group has two defining relations.

= [o " wp

, Lo 1]>




Groups of virtual knots with small number of crossings: knot K,
Proposition 4.

Questions.

G(K4)/v4G(K4) = F2/7yaFh.

G(K4)/[12G (K1), 72G(K4)]?

@ Is it possible to prove that K4 is non-trivial, considering the quotient
@ s it true that G(K4) is a parafree group?

Recall that a group is said to be parafree if its quotients by the terms of its lower central
series are the same as those of a free group and if it is residually nilpotent.




Open Problems

@ Let K be a virtual knot and its group G (K) is non isomorphic to the group of
trivial knot. Is it true that if 72Gar (K) # v3Gm (K), then K is not equivalent to
a classical knot?

@ Construct a non-trivial virtual knot K such that G3(K) & F>.
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Thank you!

Hao



